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Abstract: The two-gradient self-consistent field Scheutjens-Fleer (SCF-SF)
approach is employed for study of conformational transition occurring in mol-
ecular bottle brushes upon decrease in the solvent strength for grafted chains.
In particular, the solvent strength was varied from theta to poor solvent con-
ditions. It was found that at moderately poor solvent strength the bottle brush
collapses, keeping cylindrically uniform shape. Further decrease in the solvent
strength leads to appearance of longitudinal undulations in the collapsed cylindri-
cal structure. This result of our SCF modeling is in agreement with earlier predic-
tions of scaling theory concerning longitudinal instability of uniform cylindrical
structure of the collapsed brush. In particular, predicted by scaling theory depen-
dence for the period of the structure on the degree of polymerization of grafted
chains (�n1=2) and independence of the transition temperature of the molecular
weight are in good agreement with results of our SCF modeling.
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INTRODUCTION

Recent advances in synthetic polymer chemistry have made it possible to
produce macromolecules of complex and well-defined topology with pre-
cise control of molecular architecture parameters (molecular weight of
building blocks) and low polydispersity. In particular, graft copolymers
comprising a long main chain with multiple side chains terminally
attached at intervals have recently attracted considerable interest.[1]

Modification of the (main) polymer chain by grafted side chains of differ-
ent chemical natures enables modifying significantly properties of mole-
cules in solution, to enhance solubility and to improve processibility of
intrinsically stiff or poorly soluble polymers.

If the chemical distance between the grafting points along the con-
tour of the main chain is small, then the graft copolymers are classified
as molecular bottle brushes. High grafting density or=and bulkiness of
grafted chains induce significant conformational changes in the main
chain, i.e., leads to induced rigidity, which is responsible for ability to
undergo nematic ordering and also the ability of the copolymers to
self-organize into ordered mesophases.

Conformations of graft copolymers with nonionic side chains in good
or theta solvents are well understood on the basis of scaling theories.[2–4] It
has been established that their local and large-scale conformational
properties are governed by excluded volume repulsive interactions of
crowded side chains. These repulsions lead to extension of the grafted
chains and induce axial stress in the main chain (the backbone).[3]

When the strength of interaction between grafted chains and their
solubility can be tuned by varying environmental conditions (tempera-
ture, solvent composition, etc.), the graft copolymers exhibit stimuli-
responsive properties. Conformational transition related to collapse of
the grafted chains in the bottle brush has been analyzed on the basis of
scaling approach.[5–7] One of the most intriguing predictions of the scal-
ing theory, also supported by experimental observations,[7] concerns
instability of the cylindrically uniform structure of a collapsed brush with
respect to longitudinal undulations below a certain solvent strength
threshold. However, the scaling approach applies in asymptotic limits
far from the transition range from cylindrically uniform to axially inho-
mogeneous structures.

The aim of the present study is to apply the numerical self-consistent
field Scheutjens-Fleer (SCF-SF) method in its two-gradient version for
the analysis of conformational transition occurring in molecular bottle
brushes upon a decrease in the solvent strength for grafted chains below
the theta point. The advantage of the SCF-SF method over analytical
theoretical approaches is the ability to avoid most approximations except
of the mean-field approximation. In particular, it enables exploring
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carefully both the transition range and asymptotic limits corresponding
to uniform cylindrical and axially inhomogeneous structures of the brush.

The rest of the article is organized as follows: in the next section we
outline predictions of analytical scaling theory on the collapse transition
in molecular bottle brushes. In the following section we introduce our
computational model. The results are then summarized and followed
by conclusions.

OUTLINE OF SCALING THEORY

We start with a brief review of predictions of analytical scaling theory
concerning conformations of polymer chains in a cylindrical (bottle )
brush, that is, an array of flexible polymer chains of degree of polymer-
ization n >> 1 end-grafted onto a thin long cylinder (mimicking the main
chain) and immersed in a solvent. The grafting density (number of chains
per unit length of the cylinder, h�1 � n�1=2a�1) ensures crowding of
neighboring chains along the cylinder (Figure 1). The grafted chains
are assumed to be intrinsically flexible, i.e., the Kuhn segment length is
of the order of the monomer size, a. The solvent strength is characterized
by monomer-monomer excluded volume parameter (second virial coef-
ficient) a3v ffi a3ð0:5� vÞ. The values of the Flory-Huggins interaction
parameter v <;>0:5 correspond to good or poor solvent conditions for
the monomers of grafted chains, respectively.

Figure 1. Schematic presentation of a molecular bottle brush: n is the number of
monomers in a grafted chain; h is axial separation between grafting points.
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Conformations of chains in a polymer brush are determined by the
balance between conformational entropy and repulsive interactions
between monomers of overlapping grafted chains. In order to minimize
unfavorable (under good or theta solvent conditions) monomer-
monomer contacts, the chains get extended in the direction perpendicular
to the axis of a cylinder. As discussed by Birshtein and coworkers,[2,3]

repulsions between crowded chains in the bottle brush lead to their radial
extension with respect to the Gaussian coil dimensions under good
(v < 0:5) and theta-solvent (v ¼ 0:5) conditions. This extension partially
remains even under poor solvent conditions (v > 0:5).

It has been discussed by Borisov et al.[5] and Zhulina et al.[6] that the
onset of collapse transition in cylindrical polymer brushes occurs below
the theta point, at jvcj � n�1=3ðh=aÞ�1=3, due to strong ternary repulsive
interactions between monomers in the brush. (Compare to the onset of
coil-to-globule transition in a single polymer chain at jvcj � n�1=2).[8]

The collapse begins from the sparser periphery and propagates upon
decrease in the solvent strength (increase in v) towards more dense central
regions of the brush and is accompanied by progressive decrease in the
chain extension in the radial direction. At jvj >> jvcj the collapsed bottle
brush acquires the shape of a uniform cylindrical globule with a uniform
polymer concentration � jvj and radius R ffi n1=2a � ðh=aÞ�1=2jvj�1=2.

The scenario of the uniform collapse holds as long as chains in the
brush remain extended with respect to their Gaussian dimensions, i.e.,
R � n1=2a, that is, the case in the range of jvcj < jvj < ðh=aÞ�1. Further
decrease in the solvent strength down to jvj � ðh=aÞ�1 leads to the
appearance of longitudinal undulations along the cylindrical globule.
Remarkably, within the accuracy of a scaling approach the solvent
strength threshold corresponding to the instability of a uniform cylindri-
cal shape of a collapsed brush is predicted to be independent of the degree
of polymerization of grafted chains. In the transition range,
jvj � ðh=aÞ�1, both the characteristic wavelength and magnitude of undu-
lations are � n1=2a.

In the range of limiting poor solvent strength conditions,
ðh=aÞ�1 < jvj � 1; the brush looses its axial continuity and splits into
spherical globular clusters comprising several chains and pinned to the
axis of the brush by extended segments of the chains. The size of the col-
lapsed core of a cluster scales as R ffi n1=2a � v�1=4ðh=aÞ�1=4, whereas the
average distance between clusters scales as L ffi n1=2a � v1=4ðh=aÞ1=4.

CALCULATION METHOD (SCF APPROACH)

At the basis of the SCF approach is a mean-field free energy, which is
expressed as a functional of the volume fraction profiles (normalized
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concentrations) and the self-consistent field potentials. The optimization
of this free energy leads for Gaussian polymer chains to the Edwards dif-
fusion (ED) (differential) Equation (8), which for any coordinate system
may be expressed as

@Gðn; rÞ
@n

¼ 1

6
r2Gðn; rÞ � uðrÞGðn; rÞ ð1Þ

The self-consistent potential uðrÞ represents the surroundings of a probe
chain and serves as an external field used in the Boltzmann equation to
find the statistical weight for each chain conformation. Consequently,
the end-point distribution Gðn; rÞ that obeys Equation (1) is related to
the volume fraction profile of the polymer chains. In our case all first seg-
ments of the grafted chains are pinned to the backbone by the initial con-
dition, and the boundary conditions provide constraints on the spatial
solutions, i.e., they influences the period of the undulations.

Approximate analytical solutions of the ED equations are possible
(for various geometries) for polymer brushes where the chains are
strongly stretched. To solve these equations rigorously, it is necessary
to introduce a numerical algorithm. Such numerical scheme unavoidably
involves space discretization (i.e., the use of a lattice). Here we follow the
method of Scheutjens and Fleer (SF-SCF)[9] who used the segment size a
as the cell size. A mean-field approximation is applied to a set of lattice
sites. This set (often called a lattice layer) is referred to with a single coor-
dinate r. The way the sites are organized in layers depends on the sym-
metry in the system and must be pre-assumed. The approach allows
for, for example, volume fraction gradients between these layers. For
example, polymer adsorption onto a flat solid-liquid interface requires
planar lattice layers with just one concentration gradient in the normal
direction (1-gradient approach). The method can be used for various sol-
vent conditions. As mentioned above, the interactions are parameterized
by the Flory-Huggins parameter v. It is relevant to mention that in the
SF-SCF method these volume interactions, accounted for by the self-
consistent potential, have local as well as nonlocal (molecules sitting on
different coordinates r) nearest neighbors contributions. These nonlocal
contributions are typically neglected in the ED approaches. Typically,
the numerical accuracy of the SCF solutions is sufficient to evaluate
the (mean-field) free energy with an accuracy of at least five significant
digits. If in a particular system there are several independent SCF solu-
tions, one can use the free energy to select the most favorable one.

In order to consider a molecular bottle brush with longitudinal undu-
lations, it is necessary to use a two-gradient version of the SCF algor-
ithm.[10] The natural geometry for this is a cylindrical coordinate
system for which r ¼ (r, z). In this case, all volume fraction profiles as
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well as other thermodynamical values depend only on the radial coordi-
nate r and the axial coordinate z, while the mean-field approximation is
used along the angular coordinate.

More specifically, within our model the (rigid) main chain of a bottle
brush coincides with the axis of the cylinder (i.e., at r ¼ 0). An array of
polymer chains originates from this line and is homogeneously distribu-
ted along the z-direction with an inter-chain distance h between the graft-
ing points. All chains have their first segment at a fixed z-coordinate, i.e.,
the chains cannot slide along the line.

The boundary conditions are chosen such that there is sufficient
space in the radial direction to avoid system size effects. This implies that
the results are obtained for the limit of a very dilute solution of bottle
brushes in excess of solvent. The boundary condition in the z-direction
is more complicated. In principle we would like to avoid end effects
and, therefore, to consider an infinitely long main chain. However, we
are limited to only finite box sizes in the z-direction. We use periodic
boundary conditions in the z-direction to mimic an infinitely long main
chain. In the limit of poor solvent conditions it is anticipated that signifi-
cant gradients occur in the z-direction (undulations). These undulations
have a particular wavelength associated to them. The boundary con-
ditions impose a restriction to the system such that an integer number
of wavelengths must fit the box size. Typically, the system size in the
z-direction coincides with the wavelength. The system size in the z-direction
was varied in order to find the optimal wavelength of the undulations.

For convenience, we normalize all linear lengths by the cell size a and
normalize all energy units by the thermal energy kT. There are just three
parameters in our model. The first one is the dimensionless grafting den-
sity, which is given by 1=h instead of a=h. The second parameter is the
number of segments of the side chains n. Unoccupied lattice sites are
taken by a monomeric solvent (incompressible system), and thus the third
remaining parameter is the Flory-Huggins interaction parameter (v) for
polymer-solvent interactions.

RESULTS

Scenario of the Transition

In Figure 2 side chain monomer density profiles in coordinates (r, z) are
presented, for several values of v corresponding to h- and poor solvent for
fixed values of n ¼ 100 and grafting density 1=h ¼ 0.5. One can see that in
the h-solvent (v ¼ 0.5) the bottle brush has a cylindrically uniform shape.
An increase in v from 0.5 to 0.9 leads to the progressive collapse of the
cylinder. Upon further increase in v from 0.9 to 1, the homogeneous in
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z-directions cylindrical structure splits into dense clusters with well-
defined size and shape, i.e., a structure with longitudinal undulations
develops. More detailed analysis in the interval 0.9 < v < 1 allowed us
to localize the transition point vtr� 0.97. Moreover, our analysis indi-
cates that an increase in the number of monomers in a grafted chain
up to n ¼ 150 leads to very weak increase in vtr (up to 1.06). This finding
is in a good agreement with results predicted by the scaling approach con-
cerning the absence of power law dependence of vtr on the number of
monomers in a grafted chain.

Note that the use of periodic boundary conditions in the z-direction
leads to two following consequences for the undulated structures: (1) an
integer number of clusters are always obtained for any (sufficiently large)
box size, and (2) the placement of the structure in the box is not necessar-
ily symmetric in the z-direction with respect to the center of the box.
Notice also that in Figure 2, the z-scale (equal to the structure period)
is different for v ¼ 1 and 1.5 and equal to 38 and 40 respectively.

Figure 2. Density of side chain monomers in (r, z)-coordinates for different
values of v. The bottle brush parameters are: n ¼ 100, h ¼ 2. Box sizes for undu-
lated structures are optimal.
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Since the box size remains unchanged in each run of the SCF
method, for each set of parameters a series of calculations for different
box sizes in z-direction was done to determine the optimal box size
and, hence, the structure’s period corresponding to the minimum of the
free energy per side chain as a function of the box size.

Structure Period as a Function of Side Chain Length

To check the scaling dependence H ¼ Rþ L / n1=2, a series of calcula-
tions for different side chain lengths (n ¼ 50, 100, 150, 250) and grafting
densities (h ¼ 2, 4, and 5) has been performed. The results are presented
in Figure 3 in double logarithmic coordinates and can be fitted using a
power law dependence of the H(n). The exponent determined by the
least-square fitting method is slightly different from the value 0.5 pre-
dicted by scaling and equal to 0.58, 0.56, and 0.54 for h ¼ 2, 4, and 5,
respectively. Hence, upon an increase in h, the (effective) exponent of
the H(n) dependence progressively decreases, approaching the value of
0.5 predicted by scaling theory.

One of the sources of this discrepancy can lie in the fact that the per-
iod of the undulated structure should not necessarily be equal to the
integer number of h. To catch this effect, one should make calculations
in quite large (in z-direction) boxes corresponding to several periods of

Figure 3. Period of undulated structure as function of the number of monomer
units in a side chain n for v ¼ 1.2 and different grafting densities (indicated in figure).
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the structure. Of course, this would increase considerably the time needed
to converge to the solution, therefore, calculations reported in the present
article were made for the boxes corresponding to one, two, and a
maximum of three periods.

CONCLUSION

The results of our SCF modeling prove unambiguously and quantitat-
ively the prediction of the scaling theory concerning the structure of a
polymer bottle brush collapsed under poor solvent conditions. We have
demonstrated that the cylindrically uniform structure remains stable in
a limited range of solvent strengths below the theta point where chains
in the brush retain their radial extension with respect to Gaussian dimen-
sions. Further decrease in the solvent strength leads to developing longi-
tudinal instability of the cylindrically uniform structure and appearance
of undulations with a characteristic wavelength proportional to Gaussian
chain dimensions. Remarkably, the transition point (critical solvent
strength) corresponding to instability of the cylindrical structure is fairly
independent of the molecular weight of grafted chains.
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